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Singular 2-webs and Polar Curves 



pg . Fernando Etayo* 



Abstract 



A 2-web in the plane is given by two everywhere transverse 1-foliations. In this 
paper we introduce the study of singular 2-webs, given by any two foliations, which 
may be tangent in some points. We show that such two foliations are tangent along a 
{~*\ • curve, which will be called the polar curve of the 2-web, and we study the relationship 

between the contact order of leaves of both foliations and the singularities of the polar 
curve. 
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(Nj ! 1 Introduction 

A 2-web in the real plane is given by two everywhere transverse 1-dimensional foliations, 
i.e., two families of curves such that in any point the curves passing through it have dif- 
ferent tangent lines. These 2-webs are always locally diffeomorphic to that of vertical and 
horizontal lines, and then they have no local invariants. The case of 3- webs is completely 
different because of the curvature of the Blaschke-Chern connection, which measures how 
far the web is to be hexagonal [21 |B]. 

A 2-web can be defined by a (1,1) tensor field F of maximum rank such that F 2 = I, 
$_i . where I denotes the identity tensor field. The eigenspaces associated to the eigenvalues 



±1 define two distributions, which are involutive in the case of the real plane. F is said 
to be a paracomplex structure. 

One could think that 2-webs have no interest. Nevertheless, we want to go into an 
unknown landscape, which has not been explored yet, as far as the author knows. Let 
us consider two different 1-dimensional foliations in the plane. What can you say about 
the set of points in which both foliations are tangent? If this set is non-empty, we shall 
say that both foliations define a singular 2-web and the set will be called the polar curve 
of the singular 2-web. We use this terminology following a similar idea [3] developed 
in the context of a holomorphic foliation in C 2 , where the polar curve is defined from 
the foliation and a direction in the plane, i.e., it is defined from 2-web defined by the 
holomorphic foliation and the foliation of lines parallel to the direction. 
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Polar curves should not be confused with polar foliations. A polar foliation [lj is a 
singular foliation in a complete Riemannian manifold such that for each regular point p, 
there is an immersed submanifold T, p , called section, that passes through p and that meets 
all the leaves and always perpendicularly. 

In the previous paper [3] we have shown some explicit examples. In the present one 
we state some results about the polar curve. The following example is introduced as a 
motivating case. 

Example 1 Let us consider the punctured plane M? — {(0, 0)} and the foliations given by 

• J-\ is the set of circles with center (0,0). 

• J~2 is the set of vertical lines. 

Obviously, this is a singular 2-web having the horizontal axis as polar curve. We can 
prove it by using different techniques: analyzing the associated distributions, the paracom- 
plex structure and the Pfaffian forms. As is well known 1- dimensional distributions are 
always integrable, and then we can work interchangeably with distributions and foliations. 
We shall show carefully these three techniques, because we should choose the best one in 
order to ahead more complex situations. 

• Associated distributions: The tangent vector of the foliation F\ at the point (x, y) is 
X = ~y~5x + x ~5y- The tangent vector to T-z is Y = jj-. These vectors are colinear 
in the polar curve {y = 0} — {(0, 0)}. 

• The paracomplex structure /5/ is the (1, 1) -tensor field F such that their eigenspaces 
are the distributions tangent to the foliations. A straightforward calculation shows 
that 
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One can esaily check that F 2 = id;F(X) = X;F(Y) = —Y. The paracomplex 
structure F is well defined in all the punctured plane unless the polar curve {y = 
0} — {(0,0)}. Then the polar curve appears as the set of points where the structure 
cannot be defined. 

• The Pfaffian forms defining T\ and Ti are to = xdx + ydy and n = dx. The points 
where these 1-forms are dependent are those where Q = lo f\n = {xdx + y dy) A dx = 
—ydx A dy, which are those of the polar curve. 

The best option is to work with Pfaffian forms, because one has only to check a product of 
1-forms. 



2 Algebraic foliations and paracomplex structure 

As is well known, a foliation is said to be algebraic if it is given by a 1-form uj = oji(x, y)dx+ 
U2{x,y)dy, where u>i(x,y) are polynomials. This doesn't mean that the algebraic curves 
of the foliation have to be algebraic curves. For example, the 1-form u> = ydx — dy is 
algebraic and the curves of this foliation are the exponential Ck = {y = ke x }, k £ M. 

In the same way, we can say that a (l,l)-tensor field F = -Sj <g> Fjdx^ is algebraic 
(resp. rational) if the functions F l - are polynomial (resp. rational). 

Then we have, 

Theorem 2 Let uj = uji(x,y)dx + uj2(x,y)dy and n = r]i(x,y)dx + rj2{x,y)dy be two 
1-forms in an open subset of the real plane. Then, 

(1) The polar curve of the singular 2-web defined by uj and rj is the curve {uji7]2 — uj2"qi = 
0}. Besides, if the coefficient functions UJi,UJ2,Vii r l2 are polynomial of degrees p,q,r,s then 
the polar curve is an algebraic curve of degree less or equal to max(j> + s, q + r). 

(2) The paracomplex structure F defined by uj and n is 

_ I ( -T]iUJ2 ~ UJ\J]2 -2uj 2 r]2 
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(3) If uj and n are algebraic, then F is rational. 

Proof. 

(1) Observe that uj An = [uj\r}2 — uj2n\)dx A dy, thus showing that both 1-forms are 
dependent on the curve C = {ujiT]2 — UJ2V1 = 0}- 

(2) In the points p E M 2 — {C}, where c denotes the polar curve, one has T P 1R 2 = 
(keruj)p © (kern) p . A basis of keruj is — W2^p- + ^lgf? = {~ UJ 2^\)- A basis of kern is 

can be decomposed as 
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Then, the paracomplex structure F defined as -F|fceru = I, F\k e rri = —I is that given 
by 

pt \ = ( _w 2 \ _n ( -m \ __ I ( -T/1W2 - wit/2 -2uj 2 r]2 \ ( vi 
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(3) It is a direct consequence of (2). 



Remark 3 Observe that the polar curve corresponds to the locus where the paracomplex 
structure F cannot be defined. Observe that formula (2) does not depend on the algebricity 
of foliations. 

Remark 4 If one changes the 1-forms uj and rj by proportional 1-forms fco and gr/, f,g 
beings functions, then the 2-web is the same, and the paracomplex structure F remains 
invariable in the above theorem. This is important: the 1-forms are not uniquely defined, 
but the paracomplex structure is uniquely defined, up to sign. 

3 Singular points of the polar curve 

Let us assume that u> and r\ are two algebraic foliations with polar curve C. As C is an 
algebraic curve, C may have singular points. The following examples suggest that singular 
points of C correspond to the points where the curves of each foliations have contact of 
order greater than two. Remember the classical definitions: 

• Two curves a and /? are said to have contact of order k at a point p if their derivatives 
of order 0,1, ... ,k coincide at the point and the derivatives of order fc+1 are different. 
We shall denote it as ord a p{p) = k. 

• The multiplicity multc(p) of a curve C at p is the order of the first non- vanishing 
term in the Taylor expansion of f at p, where C = {f(x,y) = 0}. The point is said 
to be a regular point if multc(p) = 1, and singular if multc(p) > 2. 

• A 1-form uj = u>\{x, y)dx + ui2{x, y)dy is said to define an exact differential equation 
y? ^i(^,y) _ U2(x,y) ^ j n ^jg cas6) a curve f(x,y) = is an integral curve iff 

■J^ = oj\{x,y) and -J- = ui2{x,y). As it is well known, multiplying by an integrating 
factor n(x,y) any 1-form can be transformed into an exact differential equation, 
although in many cases obtaining the integrating factor is not easy. 

Example 5 Let us consider the foliations T^ and F n given by the 1-forms and their dual 
vector fields: 

uj = y^dx -dy, X u] = -§^ + y 2 ^; 

■n = - x 3 dx + dy, X v = —^ - x 3 ^. 

The first one is the set of hyperbolas {y = -]^-£,k £ R} and the horizontal axis, and 
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the second one that of quartics {y = k + \,k € M.}. The polar curve is the cubic C = 
{y 2 = x 3 } ; which has a singular point of multiplicity two (a cusp point) in the origin. The 
curves of J- w and T^ through the origin are {y = 0} and {y = ^-}. The last one has an 
inflection point in the origin, thus proving that both curves have contact of order three. 

Example 6 Let us consider the foliation T a given by the 1-form a = dy, and the foliation 
J- v given by the same 1-form r\ of the above example. Then de polar curve is C = {x 3 = 0}, 
which is the vertical axis, being all of its points singular of multiplicity three, equal to the 
contact order of tangent curves of each foliation. 



We can state: 

Theorem 7 Let T^ and T^ be two algebraic foliations given by two exact differential 
equations to and r] and let C be their polar curve. If the curves j u and 7^ of J- w and J- n 
through p have contact of order > 2 then p € c is a singular point of the polar curve. In 
this case, ord luilri (p) > multcip). 

Proof 

First we introduce some notation. Let w = u>±(x, y)dx+u>2(x, y)dy and r/ = rji(x, y)dx+ 
rj2(x,y)dy the 1-forms corresponding to J- u and J-„ and let 



C = {ujir] 2 - U2V1 = 0} = {f(x, y) = 0} 
be their polar curve. Then a point p £ C is singular iff 

Thus, p is a singular point iff the following equations hold at p: 





(1) 
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Let 7^ and 7,, the integral curves of T^ and T r] through the point p. As the 1-forms 
co and 77 are exact, we have: 
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Then, ord luil > 2 iff the following equations hold at p: 
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Then, taking into account equation (2) one easily check that (3) =>■ (1), thus proving 
the first statement of the theorem. The second one follows from a similar reasoning. 



The condition in the above theorem of being uj and r/ exact differential equations is 
necessary, as the following example in M 2 — {(±1,0)} shows: 



Example 8 Let T be the vertical axis and the set of circles C a , with center in the hori- 
zontal axis passing through the points (a, 0) and (1/a, 0), where a ^ ±1. 

Points (a, 0), (1/a, 0), (1, 0), (— 1, 0) define a harmonic quadruple of points, i.e., their 
cross ratio is -1. The center of C a is the point ^^- and the radius is ^-^- thus obtaining 
the equation 

ft - < |.-^) , ^-(^)"}-{^-^. + ^i-o- 

Let us denote by f(x,y) = is the equation of the curve C a . The tangent line in 
p = (x,y) € C a is f x (x — pi) + f y (y — p<i), whose direction is generated by the vector 
(~fy(p)ifx(p))> an d the corresponding dual form will be f x (p)dx + f y (p)dy. In our case, 

Then, for the equation of C a , we can deduce that 

a 2 + 1 _ x 2 + y 2 + 1 
a x 

thus showing 

x — v — 1 

co = dx + 2y dy ; if x ^ 

x 

We can replace the Pffaf form by another one obtained multiplying by the function 
fi(x, y) = x, and then we would have coefficients of degree two. Then, we can take 

to = (x — y — 1) dx + 2xy dy 
which is not an exact differential equation. 

Let us consider the singular 2-web given by the foliations: 

• Tu is the vertical axis and the set of circles C a , with center in the horizontal axis 
passing through the points (a, 0) and (1/a, 0). 

• Fr, is the set vertical lines, whose Pfaffian form is n = dx. 

Then the polar curve is the reducible curve {xy = 0} given by both axis and has a unique 
singular point. Nevertheless, both foliations have in common the leaf {x = 0}, and then in 
all of its points have contact of order infinite, thus showing that there are regular points 
of the polar curve corresponding to higher order contact of both foliations. 

On the other hand, by using Theorem 2 one can obtain the paracomplex structure 
associated to this 2-web: 
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thus showing again that the polar curve is {xy = 0}. But one cannot obtain information 
about the contact order of leaves of both foliations. 

In the present case, as one can easily check, fi(x,y) = \ is an integrating factor of to, 
and then we can re-write to as 

x 2 — y 2 — 1 , 2y 

<jj = ^ dx H dy 

x A x 

Then, the equation of the polar curve is C = { — - = 0}, showing the special property 
of the vertical axis {x = 0}. The points where the polar curve cannot be defined when it 
is obtained from exact differential equations corresponds with those of a common leaf of 
both foliations. But this example also shows that multiplying the I- form by an integrating 
factor can add points where the I- form is not defined: in the example those of the vertical 
axis {x = 0}. 

4 Conclusions 

We write down some global conclusions. 

• The following mathematical objects are equivalent in the real plane: a 2-web, two 
differential equations, two vector fields, two 1-forms, two distributions. Assume that 
each of them has no singularities nor zeros (restricting to an open subset of the 
plane, if necessary). Then, we have two families of curves, and we ask where they 
are tangent. This is a natural question and, as far as the author knows, there was 
not yet any answer about it. 

• The points where the foliations are tangent define a curve, called the polar curve of 
the 2-web. If one defines the 2-web by means of two 1-forms it is very easy to find 
an equation for the polar curve. If the 1-forms are algebraic, the polar curve is an 
algebraic curve. 

• The 1-forms associated to a 2-web are not unique. If one takes exact differential 
equations for them, then we have proved that higher order contact points of the 
foliations are singular points of the polar curve. 

• There exist integrating factors which allow to obtain an exact differential equation 
for any 1-form. In general, integrating factors are difficult to be calculated. Besides 
they can exclude points of the plane. 

• The paracomplex structure is unique up to a sign and the points where it is not 
defined define the polar curve. One can derive the expression of the paracomplex 
structure from those of the 1-forms, but there is no a general way for the reverse. 
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